We study families {f µ } µ∈D of automorphisms of C 2 unfolding in a generic way a homoclinic tangency associated to a fixed point p belonging to a horseshoe. We show that under the hypothesis of stable intersection between the linearized versions of the Cantor sets representing the local intersections of the unstable and stable manifolds of p with the horseshoe there is prevalence of parameters corresponding to persistent homoclinic tangencies. Prevalence here means positive measure in the parameter µ asymptotically close to zero.
Introduction
Homoclinic orbits are one of the hallmarks of dynamical systems displaying rich behavior. They correspond to points of intersection between the stable and unstable manifold of a hyperbolic periodic point, that is, points that are asymptotic both in the future and the past to that periodic point. If these intersections are not transversal the dynamical system is not hyperbolic.
Hyperbolicity is a characteristic on the dynamical system that allows for complete understanding (via codification) of its trajectories and is deeply related to stability. This condition was conjectured to be dense in the space of all diffeomorphisms of class C r , r ≥ 1, on a compact manifold. The conjectured was proved false in the 60's, but the first counterexample for manifolds of real dimension two was found only later, in the 70's, by Newhouse in [New70] .
The works of Newhouse ([New70] , [New74] , [New79] ) during that period revealed more. It was shown that any C 2 diffeomorphism on a compact manifold of real dimension two presenting a nontransversal homoclinic intersection (in this case a tangent intersection) is in the neighborhood of an open region U in which systems presenting homoclinic tangencies are dense. This way, homoclinic tangencies were shown to be related to systems which are robustly non-hyperbolic.
Motivated by these results Palis and Takens ([PT87] ) studied families {f µ } µ∈(−1,1) of diffeomorphisms that "unfold", in a generic manner, a homoclinic tangency for f 0 . These families represent a path on the space of diffeomorphism coming (µ < 0) from the region of hyperbolicity and passing through a bifurcation at the value µ = 0. They proved that the fractal dimension of the basic set to which the homoclinic tangency was associated played a role in the hyperbolicity (or lack of it) of the systems f µ for µ > 0: if it was small (less than one) then almost all small values (in an asymptotic sense) of the paramater would represent hyperbolic diffeomorphisms.
With the works of Moreira and Yoccoz [MY01] and [MY10] it was possible to say more. The first established a dichotomy for the difference of regular Cantor sets on the real line: it contains a interval if the sum of their Hausdorff dimension is larger than one; it has zero Lebesgue measure if the sum is smaller than one. The second part is already what is behind the work of Palis and Takens. The first allowed to show, in their second paper, that many small parameters correspond to non-hyperbolicity in the case of large fractal dimension of the basic set ( [MY10] ).
Many other works have been done regarding other contexts such as area preserving maps ( [Dua00] ) and real dimension larger than two ( [PV94] ). This paper is about the holomorphic case. In recent years, many mathematicians have worked on better understanding the dynamics and questions related to the hyperbolicity of holomorphic maps on C n , especially the polynomial maps (which need to have constant Jacobian) cases n = 2 and n = 3. One of the most interesting differences from the real case resides on the fact that the holomorphic world is more rigid, or pertubations cannot be made just local.
The existence of a region with persistent homoclinic tangencies in the space of autmomorphisms of C 2 (with the compact open topology) was discovered by Buzzard ([Buz97]), using an strategy similar to that of [New70] . However the question whether homoclinic tangencies are always close to regions of robustly non-hyperbolicity remains open.
At the same time, the work [DL15] of Dujardin and Lyubich shows that in certain parametrized families {f λ } λ∈Λ (Λ is a complex manifold) of polynomial automorphisms of C 2 there is a dense subset of the bifurcation parameters corresponding to homoclinic tangencies. This kind of bifurcation refers to the change of type of periodic orbits: attracting, saddle, repelling, indifferent. It is important to observe that this concept of bifurcation is related to concepts of stability and hyperbolicity similar to the ones in the classical real case ([BD17]).
In this paper we give a contribution to the bringing of the classical results to the complex setting inspired in the works of Palis and Takens [PT87] , and Moreira [Mor96] . We study similar families, this time of automorphisms of C 2 parametrized by the disk D, which we will say display a generic tangency at µ = 0, in a sense similar to the one already appearing on the literature (see [AG98] ). For a precise statement see the next session.
We show that under the hypothesis of stable intersection between some Cantor sets derived from the dynamics of f 0 it is not true that, for almost all small parameters µ ∈ D, the corresponding automorphisms are hyperbolic. The precise statement, which will, again, require some explanation on the text, is the following.
Theorem. Let {H µ } µ∈D be a family of automorphisms of C 2 exhibiting a generic tangency. Also, let k θ u (K u 0 ) and k θ s (K s 0 ) represent the linearized versions of the unstable and stable Cantor sets associated to the horseshoe of f 0 . There is a ζ ∈ C * such that if
is pair of configurations having stable intersections for some ν ∈ C, then the set of tangencies,
has interior with positive inferior density.
Here we comment what we mean by positive inferior density. Let X ⊂ C 2 be a subset of parameters. We say that X has positive inferior density when
where m denotes the Lebesgue measure on the disk. This a step towards a result such as the one in [MY10] . It also motivates obtaining a criterion for stable intersection of complex Cantor sets coming form the dynamics of automorphisms based on the sum of their fractal dimension such as in [MY01] . This is a work underway. It is also important to observe that another criterion, inspired by the gap lemma used by Newhouse, was recently announced by Biebler in [Bie18] .
The paper is organized as follows. In the first section we describe the characteristics of the families we wish to study and discuss some properties of the structures associated to them, mainly semiinvariant folliations and holonomies related to them. These concepts were defined and discussed on [AM19] but a quick review of the main results necessary is also given. We also give some remarks about its existence and genericity. In the second we present the proof of the theorem.
Generic unfolding of tangencies
In this paper we consider one-parameter families of automorphisms of C 2 unfolding, in a generic manner, a homoclinic tangency associated with a horseshoe. We begin by describing the concepts above, as well as other associated objects, and finish this section with some key results about them.
An automorphism of C 2 is a biholomorphic map G : C 2 → C 2 . Or in other words, a bijective holomorphic map G : C 2 → C 2 with a holomorphic inverse G −1 : C 2 → C 2 . The space of such automorphisms is denoted Aut(C 2 ).
Given an automorphism G ∈ Aut(C 2 ) we say that a compact set K ⊂ C 2 is hyperbolic when it is hyperbolic in the usual sense: it is invariant (G(K) = K) and there is a invariant splitting of the tangent bundle (over K) T C 2 |K = E s ⊕ E u such that for some λ > 0 and C > 0
The stable and unstable manifolds (W s (p) and W u (p)) of points p ∈ K are, in this case, complex manifolds of dimension one immersed on C 2 and their local versions are complex embedded disks. A basic set is a hyperbolic set having a transitive orbit and which is locally maximal, that is, there is an open set U ⊃ K such that K = n∈Z G n (U ). Basic sets have the key property of being stable under small pertubations, that is, if G ′ is close to G then K ′ = n∈Z (G ′ ) n (U ) is also a basic set with G ′ |K ′ being a dynamical system conjugated, via a homeomorphism close to idenitity, to G|K.
A complex horseshoe is a totally disconnected infinite basic set of an automorphism of C 2 of saddle type, that is, the bundles E s and E u are non-trivial. This nomenclature has already appear in the literature and is coherent with the one used by Obsterte-Worth in [Obe05] . It is important to observe, that as shown by him there, complex horseshoes occur when there is a tranversal homoclinical intersection. Just to clarify, these are points q ∈ W s (p) ∩ W u (p) with q = p and
. But in this case, since the spaces above are complex lines, we need to have T q W s (p) = T q W u (p). We will call this situation an homoclinic tangency.
There will be four main properties on the families {H µ } µ∈D that we will consider. We can already state the first two.
(1) they are smooth, that is,
is a C r , r ≥ 1, diffeomorphism map.
(2) H 0 has a fixed saddle point p = p 0 belonging to a horseshoe Λ 0 . Also, there is a homoclinic tangency q associated to a fixed point p. We denote by p µ the continuation of the fixed saddle point p 0 for the maps H µ ; the continuation of the basic set by by Λ µ ; and the continuation of the stable and unstable manifolds W s µ (p) and W u µ (p). All these objects depend C r on µ. Of course, these continuations may be defined only for some µ belonging to a smaller subset of . But since all our results will be for µ close to zero that is not a true obstacle.
According to the theory exposed in [AM19], we can fix a neighborhood U of the basic set Λ 0 and construct L a compact neighborhood of Λ 0 and C 1+ε , for some ε > 0, foliations F u µ with the following properties:
with p and C r with µ. By iteration, we can extend all of these foliations to a neighbourhood of q. In particular, maybe after performing a change of coordinates in GL 2 (C), we can assume that in a neighbourhood V of the point q the foliations F u µ are described by a C min{r,1+ε} map
Likewise, we can define a family of foliation F s µ with the same properties, except that if p ∈
). We can, without loss of generality, choose these parametrizations in a way so we can represent the tangency between the stable and unstable manifolds of the fixed point p of H 0 as
Under this convention we add new hypothesis on the family, specifically about the tangency:
(3)
∂z 2 (0), meaning that the tangency is quadratic. This hypothesis leads to the following construction.
Lemma 2.1. (Disk of tangencies) Let {H µ } µ∈ be a family of automorphisms of C 2 as in the context described above. For every µ ∈ there is a C 1+ε embedded disk D µ ⊂ V such that the leaves L u µ (x) and L s µ (x) are tangent with each other at x for evey x ∈ D µ . Further, the embeddings depend C r on µ.
Proof. First we obtain the disk of tangencies for µ = 0. Consider the map representing the difference between the inclinations of the tangent space to the unstable and stable foliations at the point
Observe that the matrix difference above comprises two conformal matrices, since, by hypothesis on the foliations, both maps Π 2 • u 0 , Π 2 • s 0 are holomorphic on z. Then, we can identify such difference with a complex number and, identifying C with R 2 , we can consider that f carries R 4 to R 2 . Also, one can verify that D ′ 0 , the pre-image of 0, is carried by s 0 to point in which the foliations F s 0 and F u 0 are tangent to each other. By hypothesis, (0, 0) ∈ D ′ 0 and we can calculate:
Notice that these deriatives exist because as previously observed the tangent spaces to F s (p) and F u (p) vary C 1+ε with p. The first part of the sum is zero, since it is a point of tangency. The second, by hypothesis (quadratic tangency) is invertible, since both matrices are different (and conformal, since the stable and unstable manifolds are holomorphic). So, by the implicit function theorem, there is a function α such that D ′ 0 ∩ B δ (0, 0) is the graph (α(w), w) for some small δ. By applying s 0 to this set we have the disk of tangencies for µ = 0. It is very similar to construct the disk of tangencies for other values of µ. We consider this time the map
and as previously we are interested in the pre-image of zero.
As previously it is easy to show that f is a submersion in a neighbourhood of (0, 0, 0). So the inverse image of zero is a C r manifold, showing that the tangency disk varies C r with µ.
The final hypothesis on the family is that the stable and unstable manifolds associated to the homoclinic tangency move in a generic fashion according to µ. Consider the map c(µ) = h s (µ, 0, 0)− h u (µ, 0, 0). It can be seen as a map acting on the disk D contained in R 2 . This way, what we mean is:
(4) ∂c ∂µ (0) = B ∈ GL 2 (R). We observe that the points h s (µ, 0, 0) and h u (µ, 0, 0) are not the natural continuations of the point q (as the intersection of stable and unstable manifolds with the disk of tangencies). However this is enough for our purposes.
We need to comment on some more properties of horseshoes and their stable and unstable foliations. As was shown in [AM19], given a point p in a complex horseshoe Λ, there is an ε > 0 sufficiently small and parametrizations π u :
are conformal Cantor sets. This is a concept introduced in the same paper and is described by the data bellow:
• A finite set A of letters and a set B ⊂ A × A of admissible pairs. • For each a ∈ A a compact connected set G(a) ⊂ (these sets are called initial pieces).
. This data must verify the following assumptions:
• The sets G(a), a ∈ A are pairwise disjoint • The subshift (Σ, σ) induced by B, called the type of the Cantor set
σ(a 0 , a 1 , a 2 , . . . ) = (a 1 , a 2 , a 3 , . . . ) is topologically mixing. Finally, the Cantor set itself defined as
has the property that Dg|K is conformal, that is, preserves angles. Since all the data is defined when g is defined, we refer to the Cantor set K as the Cantor set given by the maps g.
Remark 2.1. This result follows from the observation that holonomies (projections) along the unstable foliation between tranversal sections are conformal at any leaf corresponding to a point on the horseshoe, provided that the tangent spaces of the transversal sections (which need not to be complex manifolds) at the points of intersection with said leaf are complex lines. This will be used later. For further details see the first section of [AM19] (see Lema 2.2 there).
The conformal structure gives some control on the geometry of advanced pieces of the Cantor set. First, let f a,b = (g| G(a) ) −1 | G(b) for any (a, b) ∈ B and Σ − be the space of all sequences θ = (. . . , θ −n , θ −n+1 , . . . , θ 0 ) such that (θ i , θ i+1 ) ∈ B for all negative i. For any θ ∈ Σ − let f θ n = f θ −n ,θ −n+1 • · · · • f θ−1,θ 0 and G(θ n ) be its image. We say G(θ n ) is an advanced piece of the Cantor set. By invariance, K ∩ G(θ n ) = f θ n (K). Fix for every a ∈ A a point c a ∈ K(a) := K ∩ G(a). Then, for any θ ∈ Σ − , the sequence of C 1+ε embeddings
where Φ θ n is an affine transformation (over C) such that k θ n (c θ 0 ) = 0 and Dk θ n (c θ 0 ) = I, converges, uniformly in Σ − , to a C 1+ε embedding k θ . The association θ → k θ is continuous. Also, it depends continuously on the map g defining the Cantor set (provided we choose the base point accordingly). The maps k θ are called limit geometries (for further details see [AM19] ).
For our purposes, it is of interest to allow the Cantor sets to be moved by some maps. This way we consider, for each piece G(a), P(a) the space of all C 1+ε maps h : G(a) → C, which we call the space of configurations of G(a). The maps f θ n induce an operator on the spaces P(a) given by:
Limit geometries are special configurations: they form, less affine transformations, the attractor of the renormalization operator above. Also, the renormalization operators act on the limit geometries as multiplication on the left by affine transformations, meaning that
Remark 2.2. If a n = (a 0 , . . . , , a n ) is a word of size n + 1 then we can estimate how distant T a n (h) is from the space of affine configurations of limit geometries (the set of all
We write that configuration as h n = h θ a n n •k θ a n then, if A hn ∈ Af f (R 2 ) is the affine transformation such that A hn • h n (c θ 0 ) = 0 and D(A hn • h n (c θ 0 ) = I, then ||A hn • h θa n n − Id||< C · diam(G(a n )) −nε < C · η −nε , for some C depending only on K and h and η depending on K.
Finally, given a pair of Cantor sets (K, K ′ ), defined by the maps g and g ′ respectively, we say that a pair of configurations h : G(a) → C and h ′ : G ′ (a ′ ) → C has stable intersection when, for any small perturbationsg andg ′ (of g and g ′ ), andh andh ′ (of h and h ′ ) the intersection betweeñ h(K(a)) andh ′ (K ′ (a ′ )) is non-empty.
The sets K s µ and K u µ vary continuously with µ, in the sense that the initial pieces vary conitnuoulsy in the Hausdorff topology and the maps g s µ and g u µ defining then vary continuously in the C r topology (they depende only on H µ and the foliations F s µ and F u µ ). Let, θ s and θ u indicate the pieces of the Cantor sets above corresponding to π s (µ) −1 (p µ ) and π u (µ) −1 (p µ ) (which we can consider both equal to 0 ∈ C) respectively and define θ s = (. . . , θ s , θ s , . . . , θ s ) ∈ Σ − and θ u = (. . . , θ u , θ u , . . . , θ u ) ∈ Σ − . The configurations k θ s of K s µ (θ s ) and k θ u of K u µ (θ u ) are called the linearized version of the Cantor sets.
Consider parametrizations of the disks of tangencies, D µ , b µ (z) = (b µ,1 (z), b µ,2 (z)), and Π s µ : 
as configurations of the given conformal Cantor sets in C that depend C r on µ. If these intersect, for some µ > 0 this implies that there is a tangency between W s (Λ µ ) and W u (Λ µ ).
Let c s (µ) = h s µ (0) and c u (µ) = h u µ (0). We can choose b µ in a way such that c s (µ) = 0 for all µ small, we need only to compose it with a translation if necessary. Under this notation, the fourth hypothesis on the family implies that ∂c u ∂µ (0) = B ∈ GL 2 (R). Under this notation we have the following result.
Lemma 2.2. The tangent space at q of the disk of tangencies D 0 is a complex subspace of C 2 . This way, the configurations above satisfy that Dh u 0 (0) : C → T q D 0 and Dh s 0 (0) : C → T q D 0 are conformal transformations.
Proof. The first part implies the second because of the remark 2.1. To show the first, we resort to special coordinates on a neighborhood of p and q. They are described by the theorem bellow, due to Siegel. See [Arn88] and [Bra04] for further details.
Theorem. (Siegel) Let F be a germ of holomorphic diffeomorphism in C n fixing 0 and denote by λ 1 , . . . , λ n the eigenvalues of DF (0) (that we assume diagonalizable). If there are C > 0 and v ∈ AE such that for all l = 1, . . . , n and m 1 , . . . , m n ∈ AE such that m j ≥ 2 it holds
By holomorphically linearizable we mean that there are neighbourhoods of U and V of 0 and a holomorphic map G : U → V such that T = G • F • G −1 (z 1 , . . . , z n ) = (λ 1 · z 1 , . . . , λ n · z n ). The condition on the eigenvalues is satisfied in a set S of full Lebesgue measure, in particular, in a dense set. See [Arn88] and [Bra04] for further details.
Suppose the eigenvalues of DH 0 (p) satisfy the conditions above. Translating the automorphism by p, we can apply the result above to
. The domains of linearization U and V may be extended to ∪ k n=1 F n (U ) and ∪ k n=1 T n (V ) respectively step by step making G|F n (U ) = T • G • F −1 |F n (U ). They can also be extended by iterating F and T backwards equivalently. We can extend U to U u , an open set that contains a big disk in W u (p) that contains p and the point of tangency q and V to V u . Now, we analyse the properties of the unstable foliation near q under these linearizing coordinates Let q u = G(q) ∈ V , where G was extended as described above. Given the analicity of each leaf, we can represent any G(L u ) near q u by a parametrized disk D(z) for some fixed z:
(q u + w, z + α(z) · w + β(z) · w 2 + r(z, w)), w ∈ δ · , for some small δ > 0, where α(z) and β(z) are complex numbers that vary C r in z, r(z, 0)) = 0 and lim z→0 r(z,w)) |w| 2 = 0. There is a constant C such that, if |z|< C · (λ s ) n , then T −n (D(z)) ∈ V . On the other hand, since F u is invariant by backwards iteration of H 0 , G −1 ((T −n (D(w))) is a small piece of an unstable leaf, that can be represented by (w, (λ s ) −n z + α · w + r(w)) with lim z→0 r(w)) |w| = 0 and z taking domain over a small disk.
But T −n (D(w)) can be parametrized by r(z, w) )), and by substituting (λ u ) −n (w) → w we get r(z, w) ). Differentiating with respect to w at 0 we get that α(z) = α · (λ s ) n · (λ u ) −n . That way, there is a constant A such that if |z|< C · (λ s ) n then |α(z)|< A · |z|·(λ u ) −n . That is enough to show that Dα(0) = 0. But α(z) represents the inclination of the foliation G −1 (F u ) along the line (z, q u ) and, since its derivative along the z line is conformal, the map that associates for each pair (z, w) ∈ V u the inclination of G −1 (F u ) at (z, w) has a derivative at q u that is conformal along the z and w axis. Now, since G is holomorphical, this implies that the maps that associates to any point (z, w) ∈ U u the inclination of (F u ) at (z, w) has a derivative at q that is conformal along the z and w axis.
The same can be done for W s (p), obtaining U s and V s , but we have to highlight that the domains U s and U u are not the same. Nonetheless the derivative of the inclination of (F s ) would still have conformal derivative along the z and w axis at q. Using the formula for the derivative of implicit function map this is enough to show that at µ = 0 the disk of tangencies has T q D T = L, where L can be seen as a complex subspace of C 2 .
In the case in which the conditions on the eigenvalues is not satisfied we can do a small perturbation A ε,δ (z, w) = ((1 + ε)z, (1 + δ)w) to make it so for G ε,δ = A ε,δ • H 0 , possibly destroying the homoclinic tangency. Nonetheless, the derivatives with respect to z and w of the inclinations of the foliations F s G ε,δ and F u G ε,δ at some points close to q are conformal. Moreover, since they vary continuously with ε, δ, they converge to the inclinations of F s and F u at q when we make ε and δ go to zero. Since the set of pairs λ 1 and λ 2 that satisfy the condition in Siegel's theorem is dense, we can choose ε and δ going yo zero accordingly. This way the derivatives are conformal as we wanted to prove.
On the construction and genericity of such families. It is clear that given conditions (1) and (2) on the families, conditions (3) and (4) are valid on an open set. Automorphisms satisfying the conditions required for H 0 in this paper were constructed in [Buz97] (see proposition 7.3). Using a similar idea one can show that any family of automorphisms satisfying (1) and (2) can be perturbed to satisfy conditions (3) and (4).
The idea is to compose the family with polynomial automorphisms P µ belonging to a small neighborhood of identity. Since we are working with the compact open topology, this means that, given by a pair ε > 0 and R > 0, we need to construct them with ||P µ − Id|| B R (0) < ε. To do so, first observe that given 0 < δ < 1 there is N such that d(H N 0 (q), p 0 ) < δ and d(H −N 0 (q), p 0 ) < δ. Shrinking δ a bit, we can compose the family with an affine transformation A(z, w) ∈ Af f (C 2 ) such that, for H 0 , the point of tangency q is now at (0, 0); the tangency occurs along the plane {w = 0}; and all points H −N 0 (q), . . . , H −1 0 (q), H 1 0 (q), . . . , H N 0 (q) have projections to the z axis outside of B 10δ (0). Of course, we may need to consider a larger value of N , that is, more points in the orbit of q. However these points would be close to p 0 and so the conclusion still holds.
The local stable and unstable manifolds vary continuously with the maps H. So, if H ′ is δ 1 close to H in a small neighborhood of p = p 0 , the local stable and unstable manifolds (W s′ ε 1 (p ′ ) and W u′ ε 1 (p ′ )) are Cδ 1 close to their originals W s ε 1 (p) and W s ε 1 (p), where C depends on ε 1 and what metric we are considering (C r for some large r for example). If H ′ is that close to H in suitably chosen neighborhoods of the points H −N 0 (q), . . . , H −1 0 (q), H 1 0 (q), . . . , H N 0 (q), and H ′ is equal to H in a neighborhood of q, iterating N times a compact subset of the local stable and unstable manifolds above we get the continuations of W s (p) and W u (p) close to q = (0, 0) that areCδ 1 close to their originals, whereC is a constant depending on H, N and C.
The perturbations have the form have the form P µ (z, w) = (z, w + p(z) + C 0 µ), where C 0 is a positive constant and p(z) = a · z 2 · 2N i=0 (z − q i ) k , a a positive real constant, q i points corresponding to the projections to the z axis of each point H ±i 0 (q), i = 0, and k a positive integer. Choosing k very large allows us to consider the mapsH µ = P µ • H µ to be arbitrarily closer to H 0 (for small µ) in small neighborhoods of the points H ±i 0 (q), i = 0, than it is in a neighborhood of (0, 0). Choosing a and C 0 accordingly, the maps P µ belong to the neighborhood B R (0) fixed above. Now, if the original family had a non-quadratic tangency that moves with any speed (that is, (3) is not satisfied) and p(z) and C 0 are chosen accordingly, the difference between the graphs corresponding to compact parts of the stable and unstable manifolds ofH µ close to (0, 0) can be represented, for z taking values in a small ball of pre-fixed radius δ around the origin, by l µ (z) = bz 2 + cµ + e(z, µ), where b and c are non-zero real constants, b << δ and c << δ, and e is a map very small, away from zero, in relation to bz 2 + cµ. This means that e(µ, z) = e 0 (µ) + e 1 (µ)z + e 2 (µ)z 2 + r(µ, z)z 3 , where each e i is function of µ bounded by some δ 2 , with δ 2 << bδ 2 and δ 2 << c, e(µ, z) is also bounded by the same constant, and r(z, µ) is holomorphic in z for each µ. Then some parameter µ 0 close to 0 satisfies (3) and (4).
Indeed, any tangency is going to be quadratic, because b is much larger than δ 2 . Since, for every µ small in relation to δ and |z| close to δ, l µ (z) is a holomorphic map on z close to bz 2 +cµ, Rouché's theorem from complex analysis says there are two roots (which correspond to intersection points of the unstable and stable manifolds) inside the ball B δ (0), which we can call q 1 µ and q 2 µ (they can be equal). Considering the product k(µ) = ∂lµ ∂z (q 1 µ ) · ∂lµ ∂z (q 2 µ ), we have a map that is continuous and close to 4µ for µ a little bit away from zero, that is, µ taking values on a circle of radius δ 3 with δ 2 << δ 3 . This way, by Hopf Extension Theorem, there is some µ inside such that k(µ) = 0 and this is a point of quadratic tangency, as if it were not true, the map k would be homotopic to a map k : D → S having non-zero degree when restricted to S. Since c is non-zero, the manifolds move in generic fashion with relation to each other. This way, the family P µ • H µ is a small perturbation satisfying the conditions previously stated.
Proof of the theorem
Proof. As already discussed,
Before we begin, let λ s µ and λ s µ ∈ C be the eigenvalues of the derivative of H µ at the fixed point p µ .
Let us have a look at K u,m
, where θ u m = (a 0 , . . . , a m ); a i = θ u , ∀i = 0, . . . , m.
If we consider the configuration h u µ : is not necessarily in Af f (C 2 ). However, its formula can be calculated as
, considering the definitions of A h for any configuration h and the fact that c s (µ) ≡ 0. But, by the C r dependence on the parameter, we can approximate it by
, with an error of δ on the expansion factor and an error of (λ u µ ) m · δ · c u (µ) on the translation part, provided that µ is sufficiently small and n, m sufficiently large. On the other hand, by the generic hypothesis on the tangency, ∂c u ∂µ (0) = B ∈ GL 2 (R), we have c u (µ) = B · µ + r(µ), where r(µ) < C · |µ| r . So, perhaps by considering, smaller µ the approximation
, is δ close in the expansion part and δ · (λ u µ ) m · µ on the translation part. Now, suppose that for m, n ∈ AE |(λ u 
, for every µ of order |(λ u 0 ) −m | keeping the estimative of the error as it was for A ′ m,n . But, by hypothesis, if µ is sufficiently small, there is ε > 0 such that for all ν ′ ∈ B ε (ν) and every ν) )), and n, m large enough, so that all the approximations above have error δ << ε, we have that h u µ (K u µ ) ∩ h s µ (K s µ ) have stable intersection. To complete the proof, first we need to show that for generic values of λ u 0 and λ s 0 there are infinitely many values of m, n ∈ AE (with some periodicity on m) such that |(λ u
This is a consequence of this lemma.
Lemma 3.1. For generic complex numbers z = R · e ia and w = r · e ib ; a, b, R, r ∈ R, the set X = {u = z m · w n ∈ C; m, n ∈ } is dense on C. Moreover, for each v ∈ C and δ > 0 there is M = M v, δ > 0 such that, if z m · w n ∈ B δ (v), then there is a pair (m ′ , n ′ ) with m < m ′ < m + M , n < n ′ < n + N and z (m+m ′ ) · w (n+n ′ ) ∈ B δ (v).
Proof. Applying logarithms we need to show that X ′ = {(m · log R − n · log r, ma − nb + 2k · π) ∈ R 2 ; m, n, k ∈ } is dense in R 2 for generic choices of a, b, r, R. By Kronecker's theorem we know that if e 1 = (1, 0), e 2 = (0, 1) and v = (c, d) are vectors such that 1, c, d are linearly independent over É, then the set Y = {m · e 1 + n · e 2 + k · v; m, n, k ∈ } is dense on R 2 . Consequently, consider the linear operator T = log R − log r a b c = 2π log r a log r−b log R and d = 2π log R a log r−b log R . Under these choices, (m·log R−n·log r, ma−nb+2k ·π) = T (m · e 1 + n · e 2 + k · v), so, X ′ = T (Y ) is dense if a log r − b log R, π log R and π log r are linearly independent over É. This is clearly a generic condition.
Under this hypothesis fix ε > 0 and consider a finite set S ⊂ B ε (0) such that s∈S B ε (s) ⊃ B ε (0) (in the case of the plane this can be done with three points). As a consequence, we can choose δ > 0 with s∈S B ε−δ ′ (s) ⊃ B ε (0). Now, defining Y M = {m · e 1 + n · e 2 + k · v; m, n, k ∈ , |m|, |n|, |k|< M } there is M > 0 such that V δ ′ (Y M ) ⊃ S. If p = m ′ · e 1 + n ′ · e 2 + k ′ · v ∈ B ε (0) there is an s ∈ S with p ∈ B ε−δ ′ (s) and a point −p s = m · e 1 + n · e 2 + k · v ∈ Y M ∩ B δ ′ (s), which implies p + p s ∈ B ε (0), or equivalently (m + m ′ ) · e 1 + (n + n ′ ) · e 2 + (k + k ′ ) · v ∈ B ε (0). Since all the transformations used above are continuous this concludes the lemma.
Suppose that the eigenvalues λ s 0 and λ u 0 are generic as in the context above. Making v = ζ · D((h u ) −1 • h s )(0) −1 , z = λ u 0 and w = λ s 0 in the previous lemma means that for each ε > 0 we can find a sequence of pairs of integers (m i , n i ) i≥0 with 0 < m 0 < · · · < m i < . . . and m i+1 − m i < M such that |(λ u 0 ) m i · (λ s 0 ) n i − ζ · D((h u ) −1 • h s )(0) −1 |< δ and (λ u 0 ) −m i · (Dh u (0) • B) −1 (B δ (ν))) ⊂ ε · for all i ≥ 0. Also from the previous lemma, we can suppose that (λ u 0 ) −m 0 ≥C · ε −1 for some constantC > 0 and ε sufficiently small. Choosing a subsequence of the m i and enlarging M if necessary we can assume all (λ u 0 ) −m i · (Dh u (0) • B) −1 (B δ (ν))) are disjoint. This implies that m(int(C tan ) ∩ ε · ) ≥ m (Dh u (0) • B) −1 (B δ (ν)) j≥0 (λ u 0 ) 2(−m 0 −M j) (λ u 0 ) −2m 0 ε 2 and this concludes the proof. Notice that in this case the theorem follows for any choice of ζ ∈ C * .
On the other hand, if the eigenvalues λ s 0 and λ u 0 are not generic then one can find infinitely pairs (m, n) as above such that |(λ s 0 ) m (λ u 0 ) n − 1|< δ. This way, choosing ζ = D((h u ) −1 • h s )(0) the result follows analogously.
